We use the isomorphism Spin(4) ∼ = Spin(3) × Spin(3) to 'quantize' the four-dimensional spin cobordism category away from the prime two, as a Weyl algebra of endomorphisms of the three-dimensional spin cobordism category.
1. The 4D spin cobordism category . . .
The classifying spectrum of the (symmetric monoidal) cobordism category with compact oriented d-manifolds as objects, and D = (d + 1)dimensional cobordisms between them as morphisms, has been identified, in the remarkable work of Galatius, Madsen, Tillmann and Weiss [5] , as
where b(D) is the vector bundle associated to the basic real D-dimensional representation of the group of orientation-preserving orthogonal transformations of R D . [X E denotes the Thom spectrum of a (possibly virtual) vector bundle E over X]. The authors of that paper remark that their methods apply more generally, to cobordism categories defined similarly by manifolds with more elaborate structures on their tangent bundles. This note is concerned with two closely related cases, when d = 2 or 3 (hence D = 3 or 4), and the structure on the tangent bundle is defined by a lifting from the special orthogonal to the spin group. The exceptional isomorphism
has profound implications in quantum physics; this paper speculates about some of its consequences for the algebraic topology of these cobordism categories.
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1.1
In general, if G n → SO(n) is a suitably compatible sequence of homomorphisms of Lie groups, then it makes sense to speak of a G nstructure on the tangent bundle of an n-manifold, with a compatible G n−1 -structure on its boundary. The methods of [5] then identify the classifying spectrum of the cobordism category of such manifolds as the twisted desuspension
where b n signifies the vector bundle defined by the real n-dimensional representation of G n (pulled back from the basic representation of SO(n)). In the case of low-dimensional spin groups, we need to identify these representations.
I will write H for the division algebra of quaternions; SU(2) will be its multiplicative subgroup of elements of norm one. H will denote H regarded as left SU(2)-module under the action q, v → qv [and H op will be H with action q, v → vq −1 ], while H ad will denote H with q, v → qvq −1 . The subspace R ⊂ H of real elements is invariant under the latter action, so I will write
as the sum of a trivial representation, and a three-dimensional real representation which is in fact the pullback of the basic representation of SO(3) along the double cover SU(2) → SO(3).
This double cover fixes an isomorphism of SU(2) with Spin(3), but an identification of Spin(4) with SU(2) × SU(2) requires a choice, called a chiral structure. Once such a choice is made, we can identify the pullback of the basic representation of SO(4) to Spin(4) with the four-
With all these identifications in place, then, we can conclude from [5] that
is a real, virtual, formally zero-dimensional representation of Spin(4) ∼ = SU(2) × SU(2), then we can restate the observations above as the (obvious, in light of [5] )
where W is the (virtual real) vector bundle over the classifying space associated to the representation W .
The cohomology of BSU(2) is polynomial on the Pontrjagin class ℘ of degree four, so
This suggests trying to understand the classifying spectrum of the 4D spin cobordism category as some kind of twisted double of that of the 3D spin cobordism category. The first remark to make is that the twisting is essentially two-primary:
The homomorphism across the bottom of the diagram (4)) is multiplication by ±4; in particular, it is an odd-primary isomorphism.
Proof: The argument below uses complex, rather than real, representation theory, which accounts for the indeterminate sign. In fact I will show that in the corresponding diagram in which W is replaced systematically by its complexification, the map across the bottom is multiplication by (±4) 2 = 16:
Restriction to the maximal torus of SU(2) sends the basic complex representation B of SU(2) to L⊕L −1 ∈ R(T), L being the basic complex representation of the circle group T, while the complexification H ad ⊗C maps to (L ⊕ L −1 ) ⊗2 . Similarly,
, which identifies the image of the complexification W ⊗ C in R(Spin(4)) as (2)) .
We have
which is an odd-primary unit.
1.3.1
It is interesting to consider what this means in terms of infinite loopspaces, but there are technical complications.
A space X defines a suspension spectrum Σ ∞ X + , whose associated infinite loopspace
can be identified over the rationals with the infinite symmetric product SP ∞ X. The rational homology of the infinite loopspace Ω ∞ (Σ ∞ X) defined by the spectrum can therefore be identified with the symmetric algebra on the cohomology of X, which can be regarded as an algebra of functions on that cohomology. This provides us with a dictionary in which a spectrum corresponds (very roughly) to a vector space, while its associated infinite loopspace corresponds to the algebra of functions on its dual; similarly, the infinite loopspace associated to the smash product of two suspension spectra corresponds to the algebra of functions on the tensor product of their cohomology vector spaces.
Note that the algebra of functions on the direct sum of two vector spaces is the tensor product of the algebras of functions on the components, but there is no very familiar description for the algebra of functions on a tensor product.
1.3.2
In the case at hand, we can say that the rational homology of the infinite loopspace associated to MT Spin(4) looks roughly like the algebra of functions on the tensor product of two copies of the cohomology of ΣMT Spin (3); but this neglects some algebraic issues about connected components, which have an interesting geometric interpretation.
Spectra of cobordism categories typically have cells in negative degrees: for example MT Spin(4) has a cell in degree −4 and two cells in degree zero. The associated infinite loopspace loses track of negativedimensional cells, but its set
of components is free abelian on the cells of degree zero; we can think of its elements as specifying a pair of Pontrjagin numbers for the two quaternionic line bundles associated to a spin structure on a fourmanifold [7 §1.4], or (via the index theorem) as its signature and Euler characteristic.
ΣMT Spin (3), on the other hand, has a cell in degree −2 and another in degree +2 but nothing in degree zero, so Ω ∞ ΣMT Spin(3) is connected: the zero -degree classes in the smash product of ΣMT Spin(3) with itself are the products of the −2 -degree class in one factor with the +2-degree class in the other, and are lost if we try to reconstruct the infinite loopspace associated to the smash product from the loopspaces defined by the component spectra. This is reflected in the geometric fact that spin structures on threemanifolds have their subtleties, as Atiyah [1] saw some time ago: any oriented three-manifold can be framed, but not at all uniquely. Kirby and Melvin [10 §1] show that π 3 (SO(3)) ∼ = Z acts transitively on the framings of a spin three-manifold, so we can think of Ω ∞ MT Spin(4) as built from two copies of Ω ∞ MT Spin(3), with its components indexed by pairs of spin three-manifolds, perhaps topologically 'charged' by nontrivial framings.
. . . as endomorphisms of the 3D spin cobordism category
The role of the suspensions (in ΣMT Spin(3)) also calls for discussion. It is very natural (cf.
[4]) to think of X → π * (X + ∧ MT G n ) := MT G n * (X) as the best approximation by a homology theory to the functor which assigns to a space X, the set of cobordism classes of maps of G nmanifolds to it. In particular, we can regard ΣMT Spin(3) as (at least an approximation to) the classifying spectrum for the category of spin three-manifolds mapped to the circle, with four-dimensional cobordisms (again mapped to the circle) as its morphisms.
2.1
This suggests regarding MT Spin(4) not as a double of ΣMT Spin (3), but as an algebra of operations on it, much as functions on a set S × S with values in a commutative ring R can be interpreted as a commutative algebra (under pointwise multiplication) or alternately as a noncommutative algebra of S -by -S matrices with entries in Runder some kind of convolution product.
This involves us in harmonic analysis on symmetric monoidal categories, which is a subject just in the process in coming into existence [3] , so I will be sketchy; but the constructions sketched below go back to work of Weyl [9 §22] on algebras of differential operators with polynomial coefficients. 
in our context W will be the one-dimensonal (cohomology) module generated by ℘ (up to a twisted suspension).
2.2
The Tate cohomology t * SU(2) HQ = Q[℘ ±1 ] := V (of SU(2), with coefficients in the rational Eilenberg -MacLane spectrum [12] ), is equal to the usual cohomology of BSU(2) in positive degrees; in negative degrees it agrees with the homology of that space, up to a shift in degree by four. It is a ring of Laurent polynomials with respect to its natural multiplicative structure, and it carries a symplectic form defined by a kind of geometric residue construction f (℘), g(℘) → f, g = res f (℘)g(℘) d℘ .
The involution ℘ → ℘ −1 defines a positive-definite polarization, with Lagrangian [2 §2.1] subspaces V ± spanned by positive [resp. negative] powers of ℘.
The Heisenberg group associated to the symplectic module V acts on the Fock representation [15 §8.11] S * (V + ); this action extends to a representation of the group of symplectic automorphisms of V , which thereby becomes a representation of the Virasoro algebra [11, 14] .
In fact the (generalized Weyl) algebra of suitable functions on V acts on this Fock representation, with an associated calculus of symbols [8 §2.2.7] defined by functions on V + ⊕ V + . In our context this defines an algebra structure on MT Spin(4), with the Fock representation ΣMT Spin(3) as its natural module.
Work of Givental ([6] , cf. also [16] ) can be interpreted as a kind of quantization of the symplectic vector space t * T HQ, interpreted in terms of the D = 2 cobordism category of surfaces. The preceding sketch is perhaps the beginning of a similar story for D = 4.
